The electron-neutrino bremsstrahlung (e − +e − −→ e − +e − +ν +ν) process has been considered in the framework of electro-weak theory. The scattering cross section has been calculated in the center of mass frame and approximated to extreme relativistic as well as non-relativistic case. The rate of energy-loss via this type of bremsstrahlung process has been obtained both in non-degenerate and degenerate region. The effect of this electron-neutrino bremsstrahlung process in different ranges of temperature and density characterizing the late stages of stellar evolution has been discussed. It is found from our study that this bremsstrahlung process is highly important in the extreme relativistic non-degenerate region. It has also been observed that in the extreme degenerate region the process might be more effective compared to the non-degenerate case.
1.

Introduction :
It is known that neutrino emission processes have significant contribution in the late stages of the stellar evolution; when the core of the stars collapse the neutrino emission occurs enormously in the temperature range > 10 9 • K. In that range the neutrino emission process is important due to the extremely large mean free path of the neutrino. It is believed that the stellar matter (even under some extreme conditions as in white dwarves or in neutron stars) is almost transparent to the neutrinos, such in contrast with its behavior with respect to photons. Once neutrinos are produced inside the star the rate of energy loss from the stars is higher and the evolution of star is changed drastically. There are several processes functioning the major role in the energy loss from star in the late stage through the emission of neutrino-antineutrino pair. First time it was pointed out by Gamow and Schoenberg [1] that neutrino may be emitted from star via β decay, which is termed as Urca process. Poentecorvo [2] shown the theoretical possibility for the formation of neutrino pairs in collisions between electrons and nuclei and the process was investigated with possible application in astrophysics by Gandel'man and Pinaev [3] . The reaction rate of this process was calculated in detailed by Chiu and his collaborators [4, 5, 6] . Dicus [7] drew a brief outline about some neutrino emission processes from star, though there exist many other processes having remarkable effect during the later stages of the stellar evolution. In the early stages of the study of neutrino emission processes in star the physicists used to study those processes in the framework of the current-current coupling theory of the V-A interaction [8] . Later photon-neutrino weak coupling theory was introduced and some of those processes such as neutrino-synchrotron processes [9] , photo-coulomb neutrino process [10] were studied in this theory. The advancement of the Standard Model added a new dimension to study several neutrino emission processes such as pair annihilation [7] , photo production [7] , photon-photon scattering [7, 11, 12, 13] , photo-coulomb neutrino process [14, 15] etc. Recently Itoh et al. [16] reviewed a number of neutrino emission processes and discussed their significance from astrophysical point of view. A minor extension of the Standard Model was occurred due to the existence of neutrino mass resulted from the 'Solar Neutrino Problem' and 'Atmospheric Neutrino Anomaly' [17] . Although it should be noted that a new theory of weak interaction is yet to be developed by introducing the neutrino mass. In the calculations of some weak process the effect of this neutrino mass, whatever small it may be, may play an important role, for example photon-neutrino interaction [18, 19] .
In this paper we have studied the 'electron-neutrino bremsstrahlung process' given by e − + e − −→ e − + e − + ν +ν according to the electro-weak interaction theory. Previously it was considered by Cazzola and Saggion [20] to calculate the energy-loss rate by using Monte Carlo Integration method without evaluating the scattering cross-section explicitly; but the scattering cross-section, depending on the energy of the incoming electron, can give a very clear idea about the nature of this electro-weak process. It is to be approximated for extreme relativistic as well as non relativistic limit. Cazzola and Saggion [20] considered only the non-degenerate case though many stars in the later phases such as white dwarves, neutron stars etc. are degenerate. We cannot ignore the possibility of occurring the electron-neutrino bremsstrahlung process in degenerate star. We have considered all such cases separately and discussed all possible outcomes of this bremsstrahlung process. We also like to visualize a picture under what circumstances the process will have some significant effect. It cannot be denied that due to some approximations a little bit deviation may occur from the original result, but it will not hamper to predict the physical picture. The role of this process has been studied thoroughly at different temperature and density ranges that characterize the late stages of the stellar evolution. It has also been pointed out in which range this process will have significant effect.
Calculation of scattering cross-section :
The electron neutrino bremsstrahlung has some structural similarity with the bremsstrahlung process in quantum electrodynamics [21, 22, 23] . It is a higher order process; the emission of neutrino anti-neutrino pair by the collision between two electrons does not happen to first order. In this process a slight complication arises since the identical particles (electrons) involve here. It is not possible to identify which of two outgoing particles is the 'target' 
where,
The prefix Z associated with the matrix element and each of its component indicates the neutrino anti-neutrino pair emission takes place through the exchange of Z boson.
It is to be noted that due to the collision between two identical particles the half of the phase is identical. In one phase direct scattering dominates over the exchange graph, whereas in the other phase the reverse phenomenon takes place. So it is quite reasonable to calculate over one phase only. We have carried out our calculations in CM frame in which
where − → q 1 and − → q 2 are the linear momenta of neutrino and anti-neutrino. In this frame we have to calculate the term |M Z | 2 over the spin sum. It is not very easy task and can be done with some choices and approximations. Let us first try to calculate the term |M Z 1 | 2 that can be written as
Instead of finding the term |M Z 1 | 2 it is more convenient to find
Let us consider
It is to be remembered that the neutrino mass is very small compared to the magnitude of its linear momentum. This assumption is valid throughout our calculations, even in the non-relativistic case. If it is even comparable to the magnitude of the linear momentum then no such neutrino anti-neutrino pair will be emitted and the process becomes superfluous. This is very much consistent with the Standard Model which is based on the concept of mass less neutrino. In principle neutrino may have a little mass, but it is not so enough that could violate the basic assumption of the well known existing theory. Thus taking m ν ≪ q 0 we can evaluate the integral I ρσ (q) and find the value of A and B. It is found to be
and also we get
In the same manner the term Σ|M Z 2 | 2 can be evaluated to obtain an expression similar to equation (2.13). In this case P will be replaced by Q, where
To evaluate various trace terms we use the most generalized trace formula having 8 terms (including the mass term) presented by the equation (A1) in the Appendix-A. Following this trace formula we can calculate all the trace terms rigourously and ultimately we obtain the following expression.
The right hand side of this equation is a scalar obtained by the various combinations of the scalar product of initial and final momenta of the electrons. Thus ultimately F becomes the function of either energies or momenta of incoming and outgoing electrons. The scattering cross section for this process can be calculated by using the formula
Here all incoming and outgoing particles are spin-1 2 fermions. For that reason
is twice the mass of the corresponding fermion. The square root term present in the denominator comes from the incoming flux that is directly proportional to the relative velocity of the incoming electrons and written in Lorentz invariant way. As the final state contains the incoming particle there must be a non-unit statistical degeneracy factor S. We Calculate the expression for F (p 1 , p 2 , p ′ 1 , p ′ 2 ) in the equation (2.15) and then integrating that expression the scattering cross section is obtained. This integration is not very easy. Such type of integrations were carried out by Cazzola and Saggion [20] by Monte-Carlo method with 2% error. We are interested to obtain a clear analytical expression and so do not use any numerical technique. Instead with some special choice of approximations we have calculated the integral present in (2.15) . Let us consider the following four vector
It is clear that p ′ is timelike i.e. (p ′ ) 2 > 0 and so we can take a proper Lorentz transform such that p ′ = (p ′ 0 , 0). To obtain the integral over
The error term ǫ will be present since we consider the system in CM frame, defined by the equation (2.6), simultaneously. We have discussed about this error term in Appendix-B.
Here neglecting this error term we can use the following approximation.
Next we integrate over d 3 p ′ 1 without taking any more approximation and obtain the expression for the scattering cross-section as follows:
and m e p 0 < r =
p 0 represents the center of mass energy i.e.
It is worth noting that all three type of neutrinos may involve in this process, since there will be no lepton number violation for it. So far we have used the technique which is applicable for both muon and tau neutrino; but for electron type of neutrino another 8
Feynman diagrams having e − W − − ν e effect may contribute in this process. Four of them are for direct processes (Figure-3 ) and rest four represent exchange diagrams (Figure-4) .
These extra diagrams contribute in the calculations of scattering cross-section, but only for electron type of neutrino emission. In that case the matrix element will be modified as
Other M W i 's (i=3,..8) have the similar expressions as defined in the equations (2.4) and (2.5). We use Fierz rearrangement to obtain the full expression for M containing the contributions for both Z and W bosons exchanged diagrams. Then we proceed in the same way as before and calculate the scattering cross section as
Z cos 2 θ W The expression f νe (p 0 , r) present in the equation (2.22) is almost similar to the expression f (p 0 , r). In fact if we replace C V and C A present in f (p 0 , r) by C ′ V and C ′ A respectively the expression f νe (p 0 , r) can be found out.
The equation (2.22) gives the scattering cross-section for electron type of neutrino whereas the scattering cross section for both muon and tau neutrino can be obtained by using equation (2.17) . We like to find the scattering cross section in the extreme relativistic as well as nonrelativistic limit. In those two limit the total scattering cross section, in c.g.s unit, for all three type of neutrinos are approximated as
Note that E ER and E N R represent the energy related to extreme relativistic and nonrelativistic limit respectively.
Calculation of energy loss rate :
A number of different cases are to be considered to calculate the energy loss rate via electron neutrino bremsstrahlung process. We have already obtained the scattering cross section in extreme relativistic and non-relativistic limit. The later stage of the stellar evolution may be degenerate as well as non-degenerate characterized by the chemical potential.
In the evolution of some stars the electron gas exerts degenerate pressure which prevents the star from contraction due to the gravitational force. The complete degenerate gas is such in which all the lower states below the Fermi energy become occupied. A common example of the later phase of the star in which the electron gas being degenerate is white dwarf.
There may be some temperature and density ranges where degeneracy is not important.
Such non-degeneracy may be evident for both relativistic and non-relativistic limit i.e. for κT < m e c 2 and κT > m e c 2 respectively, where κ represents Boltzmann's constant. It is to be remembered that the chemical potential defined by equation (19) is always non-negative.
We calculate the energy loss rate by using the formula
where µ is the chemical potential related to the number density of the electron by the following relation.
Note that in equations (3.1) and (3.2) the upper limit of the momentum has been taken up to infinity; this may give an impression that the CM energy of the electron may be very high and comparable to M Z or M W . It is clearly not true since the temperature and density of the stellar core in the later stage do not allow the electron to gain that very high energy. Thus in the equations (3.1) and (3.2) the upper limit of the momentum depends on the temperature and density of the electron gas. We go through the different cases in the followings.
Case I: In the extreme relativistic non-degenerate case the chemical potential µ becomes very small compared to E ER κT . It is worth noting that κT is much greater than m e c 2 i.e. the temperature is much higher than 6 × 10 9 • K whereas the density is not much high. In this case the energy loss rate is calculated as From this analytical expression it is found that the energy loss rate does not depend on the density of the electron gas so far the non-degeneracy remains effective.
Case-II: The extreme relativistic degeneracy may be reached in two different ways. Firstly, κT < m e c 2 but the density ρ is much higher than 10 7 gm/cc. Another case will be such in which κT > m e c 2 along with very high density. If the density is not much higher in that case the electron becomes non-degenerate. In the very high temperature the degeneracy is not attained so far the density will not reach up to a particular limit. As we consider the extreme-relativistic limit i.e. energy is much higher than m e c 2 there is no difference between this two type of degeneracy. In this region the energy loss rate is calculated as
Note that the above expression for energy loss rate depends on density only, not on the temperature.
Case-III: The non-relativistic effect becomes important when the central temperature of the star is below the 6 × 10 9 • K and central density does not exceed 10 6 gm/cc. As the temperature is not much lower so the degeneracy comes into effect for a very small range and the energy loss rate calculated in this region is very low. So this is not very interesting case. Therefore we are interested to the non-relativistic non-degenerate case. In this case µ < m e c 2 but µ cannot be neglected as in the extreme relativistic case. We calculate the energy-loss rate as follows:
This energy loss rate is not low in the region having the temperature 10 8 ∼ 10 9 • K and density less than 10 6 gm/cc, which indicates the process is also important in this nonrelativistic non-degenerate region.
Discussion :
The scattering cross section obtained under the frame-work of electro-weak theory is very small, specially in the non-relativistic case, but as the mean free path of the neutrino is much longer than the scale of stellar radius the electron-neutrino bremsstrahlung process may have some effect to release energy from star at high temperature and density. The relativistic effect comes into play when the temperature exceeds 6 × 10 9 • K and the electron becomes nondegenerate. It is evident from our work that the electron-neutrino bremsstrahlung process yields a large amount of energy loss from the stellar core having density ≪ 10 7 gm/cc and temperature 8 × 10 9 ∼ 10 10 • K. In that temperature range the radiation pressure is so dominating that the gas pressure has negligible effect [24] . It is worth noting that in this range of temperature and density the non-degenerate effect is highly dominating i.e. the electron energy states are not bounded by Fermi-energy. Thus the process is very much important in the extreme relativistic non-degenerate region where the density does not play any significant role according to our result. Non-relativistically the process becomes insignificant if the temperature is not sufficiently high, at least the temperature should attain in the order of 10 8 • K. At this temperature the burning of helium gas in the stellar core takes place [25] . In the temperature range 10 8 ∼ 10 9 • K the gas pressure is dominating over the radiation pressure; though the effect of radiation pressure cannot be neglected in this region. In addition the region will be non-degenerate if density < 10 6 gm/cc. The bremsstrahlung process may have some effect in this region though the energy loss rate is not so high as it is in the extreme relativistic non-degenerate case. In short the process has significant effect in the whole non-degenerate region; particularly at the high temperature (≫ 6 × 10 9 • K).
Cazzola and Saggion did not calculate the energy loss rate in the degenerate region explicitly, but with a dashed curve they pointed out that the energy-loss rate would not depend on the temperature for completely degenerate electrons. We have calculated the energy-loss rate to obtain an analytical expression in the degenerate region when the electron has very high energy compared to its rest energy. As our expression in equation (3.4) does not have any temperature dependence so it is very much consistent with the previous result [20] . It is clear from our result that in this degenerate region the energy loss rate will be very high for the large density; eventually it may be more than that in the non-degenerate case when the density reaches in the neighborhood of 10 10 gm/cc. It was also predicted by Cazzola and Saggion at the end of their work [20] that the relative importance of this process may be greater in the extreme degenerate region. Thus not only in the non-degenerate region, but in the degenerate region may also a huge amount of energy be released through the neutrino-emission from this process. It is now clear from our study that the electron-neutrino bremsstrahlung process has a significant contribution to the evolution of stars, particularly in the later stages.
Appendix-A :
The trace rule for the γ matrices are known as follows:
We can construct the following formula with the aid of this trace rule.
where P = q + p ′ 1 Q = p 1 − q In order to evaluate the various trace terms the formula constructed in equation (A2) is very much helpful.
Appendix-B :
It is not necessary that two outgoing electrons will be repelled in the opposite directions.
If the angle between p ′ 1 and p ′ 2 is φ, Then clearly we can have
The function F (φ) is analytic in the above mentioned region and so it can be expanded as a Taylor series
It is to be specifically mentioned here that F (φ) will not vanish at the end points. Therefore the error term that is neglected in the equation (2.16) takes the form in the first order as follows:
The term | F ′ (π) | depending on the increment of the function F (φ) about the point φ = π could be kept small if we anticipate that a slight angular variation from the situation in which two outgoing electrons are repelled in the opposite directions, will not disturb the system. Therefore the error term will not hamper the analytical formula we have developed. 
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